
Reduced-Order, Multivariable Models with 
Pure Time Delays 

Marshall’s method of model reduction (1966) neglects the modes of the high order 
system which contribute little to the overall system response. This approach is 
extended to handle complex and/or repeated eigenvalues and is then modified 
so that pure time delays can be included in the control variables of the reduced 
order model. Open- and closed-loop examples show that the inclusion of the time 
delays tends to compensate for the eliminated modes and leads to better agreement 
between the high and low order models. 
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SCOPE 

Most modern control techniques require that a suitable 
mathematical model of the process be available. Frequently it 
is possible to derive a linear, state space model of the following 
form which adequately defines the system performance over 
the region of interest 

For state space models with distinct eigenvalues, his method 
led to a reduced order model with the following properties: 

1) Order, n1 < n with the form defined by Eq. 1. 
2) The state vector, xl(t) ,  contains the elements specified by 

the designer and these elements retain their original physical 

i ( t )  = Ax(t) + Bu(t) (1) 
where x(t) is a vector of n state variables and u(t)  is a vector of 
r input variables. However, in many cases, the number of state 
variables, n, is greater than required, or convenient, for control 
and simulation purposes. Therefore, over the past few years a 
number of, model reduction techniques have been developed, 
several of which are referenced later in this paper. The primary 
objective of model reduction, in this paper, is to produce a model 
with the form of Eq. 1 but of order n1 < n. Secondary objectives 
are to preserve, or guarantee, certain properties in the low order 
model, e.g. that the steady-state values of the n1 state variables 
in the low order model agree with the corresponding values of 
the original, high order system. 

In 1966 Marshall proposed partitioning the state vector into 
two parts, such that x = [xI,x~]~, and then eliminating x2 by 
neglecting the dynamics of the corresponding modal variables. 

meaning. 
3) The steady state values of xl(t) agree with those of the 

original high order model. 
4) When the dynamics (modes) associated with xz( t) are sig- 

nificantly “faster” than those of xl ( t ) ,  then the reduced order 
model is a good approximation. 

5) The eigenvalues of the reduced order system are a subset 
of the eigenvalues of the original high order system. 

This paper extends Marshall’s method so that it handles sys- 
tems with complex and/or repeated eigenvalues. It also shows 
how the agreement between the high and low order models can 
be improved by introducing pure time delays into the control 
variables of the reduced order model. Several approaches for 
determining the numerical value(s) of the time delay(s) are also 
proposed and are easy to visualize and understand. The appli- 
cation of the proposed design method and its effectiveness are 
illustrated by numerical examples. 

CONCLUSIONS AND SIGNIFICANCE 

This paper shows how the modal approach to model reduc- 
tion, first proposed by Marshall (1966), can be extended to 
handle high order systems with repeated and/or complex ei- 
genvalues. Such models arise in practice, for example in the 
modelling of the evaporator at the University of Alberta (Fisher 
and Seborg, 1976), and hence the extension is of practical value 
as well as theoretical interest. 

This paper also shows that the agreement of the state vari- 
ables, xl( t ) ,  in the reduced order model with the corresponding 

states in the high order model, can be improved by including 
one or more time delays in the control variablds) of the reduced 
order model. The improvement obtained depends on both the 
number and numerical value+) of the time delays that are in- 
troduced. Several methods of determining what time delays 
should be included are proposed, illustrated, and evaluated. The 
selection of the time delays to be included is usually based on 
the properties and/or simulated responses of the high order 
model. However, the time delay values can also be empirically 
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“tuned” to provide the best agreement possible with responses 
of the actual process. Simulated responses from a reduced (third) 
order model of the double effect evaporator at the University 
of Alberta were significantly closer to the responses of the cor- 
responding states in the original fifth order model when pure 
time delays were included. 

The inclusion of time delays in the low order model can be 
interpreted as simply a formal extension to multivariable sys- 
tems of the common practice of including pure time delays in 
models of single-input, single-output systems to compensate for 
higher order dynamics that are neglected during the derivation 
of the (simplified) model. For example a first order transfer 
function of the form Ke-rs / ( r l s  + 1) is often used to approxi- 

INTRODUCTION 

Marshall’s modal approach to model reduction (1966) is just one 
of several different approaches that hlave been reported in the lit- 
erature (cf. review articles by Bosky and Lees (1972) and by 
Decoster and Von Cauwenberge (1~176)). Other approaches are 
based on expansion of the system transfer function (Shamash, 1975; 
Chen, 1974; Hsia, 1972; Chen and Shieh, 1968; Parthasarathy et 
al., 1983); singular perturbation theory (Kokotovic and Sannuti, 
1968; Kung, 1978; Moore, 1981); or minimization of a quadratic 
function of the error between the reduced and high order models 
(Meier and Luenberger, 1967; Sinha and Ekreznai, 1971; Tung and 
Edgar, 1979; Riggs and Edgar, 1974). The least squares model 
reduction method presented by Edgar (1975) can be extended to 
handle time delays. Other modal reduction methods have also been 
proposed. Chidambara and Davison I 1967) suggested a different 
approach, but Graham (1968) showed that it was equivalent to 
Marshall’s method. Davison (1966) and Nicholson (1964) presented 
another modal method which can result in better agreement be- 
tween the dynamics of the high and reduced order models but does 
not guarantee agreement at the final steady state. Wilson (1974) 
and Wilson et al. (1972, 1973, 1974) compare several model re- 
duction methods and used the modal approach for the reduction 
of open loop models as well as for reduction of feedback control 
laws. More recently the problem of generating reduced-order 
models of large space structures has motivated the development 
of a number of new methods, e.g. Moore (1981), Shokoohi et al. 
(1983), Jonckheere and Silverman (1983). Reduction techniques 
have also been applied to observers, e.g. Inoue and Iwai (1984). 

This paper deals specifically with extensions of Marshall’s modal 
method for model reduction. 

mate the response of a higher order system that may not contain 
a pure time delay. 

In general, the inclusion of pure time delays in a model makes 
it more difficult to apply control design techniques. However, 
a reduced order model incorporating time delays was used as 
the basis for the design of a decoupled, closed-loop system and 
the results presented in Figure 5 show that significantly better 
results are obtained when time delays are included in the re- 
duced order model. 

In summary, it can be said that the familiar model approach 
to model reduction has been extended in scope and improved 
in accuracy. 

dominant dynamics of the high order model. (Iwai and Kubo, 1979, 
show that for the “best” reduced order system it is necessary to 
consider the input gain matrix as well as the absolute value of the 
eigenvalues.) If z is similarly partitioned, then using Eqs. 1-3 the 
dynamic behavior of x1 can be described by 

i l ( t )  = M ~ A ~ M ; ’ ~ ~ ( ~ )  + rlzZ(t) + Blu(t)  (4) 

iz(t) = Azzz( t )  + rzu(t) ( 5 )  
where B1 is an nlxr partition of B; M is partitioned into four sub- 
matrices M I . .  . M4 which are (nlxnl),  (nlxnz), (nzxn1) and 
(nzxnz) respectively; V1 is an nlxnl partition of V = M-I;  A1 is 
an nlxnl partition of A; and 

where 

r1 = M ~ A ~  - M ~ A ~ M ; ~ M ~  

rz = V3B1 f V4Bz 

Marshall’s method of model reduction assumes that the eigenvalues 
AZ are nondominant, i.e. that i z ( t )  = 0 for t > 0+, so that Eq. 5 
becomes 

Equations 4 and 6 define the reduced order model generated by 
Marshall’s method (1966). If the eigenvalues of the high order 
model are distinct, and if there is good separation between the ei- 
genvalues A, and Az, then Eqs. 4 and 6 can provide a good ap- 
proximation to the behavior of x1 in Eq. 1. Note that a number of 
variations can be generated by using different approximations for 
z & )  in Eq. 4. 

MARSHALL‘S MODEL REDUCTION METHOD EXTENSIONS TO MARSHALL’S MODEL REDUCTION METHOD 

Consider the following stable linear, time-invariant system, 

i ( t )  = A r ( t )  + 13u(t) (1) 
where x = R n  and u = 8‘. Equation (1) is referred to as the high 
order model. 

Using the similarity transformation 

x ( t )  = M z ( t )  ( 2 )  

where M is the modal matrix of A such that M - l A M  = A, Eq. 1 
becomes: 

i ( t )  = Az(t)  + M-’’Bu( t )  (3) 
In Marshall’s method it is assumed that the eigenvalues, A, of A are 
distinct and negative so A = diagonal (-A1 . . . -An], 

It is now assumed that the state vector, x, can be re-ordered if 
necessary and partitioned into two parts such that x = [x1,x2IT. The 
vector x1 of dimension n1 contains the states that are to be retained 
in the reduced order model and is normally associated with the 

In this section Marshall’s method will be extended to handle 
repeated and/or complex eigenvalues. Time delays will also be 
introduced into the control variables of the reduced order model 
to help compensate for the neglected dynamics of zZ(t). 

For the general case, it should be noted that Eq. 5 can be written 
in Jordan canonical form as: 

i z  = [:I . . .  =I :, :I[:]. . . .  F] . . .  u (7) 

i z m  0 Azm Z2m r 2 m  

where vector zzi, of dimension nzl, is a subset of z z  such that Z z l  
1221 = nz. The lth partition of z2 from Eq. 7 can be written 

i2m = Azlzzr( t )  + r a U ( t )  (8)  

and applying the Laplace transform, assuming zero initial condi- 
tions, yields 
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Figure 1. Delayed Step response y2( 1 )  approximates response of high order 
model yl(  f ) .  ( 7  is a design parameter.) 

z z h )  = (sl - Azl)-'rzlu(s). (9) 
There are three different cases corresponding to the three possible 
structures for A21 

Case I :  distinct eigenvalues 

A2/ = diag {--A ' . .  . --LZl] (10) 

Case 11: repeated eigenvalues 

A21 = [-" '1 -0 -ff 

Case 111: complex eigenvalues 
(-a + pi) 

(12) 

Each of these cases will be examined separately with the objective 
of finding an approximation to the vector z21 in Eq. 7 which is not 
a function of x2. Substitution of the resulting approximation for 
z2 into Eq. 4 would then yield a reduced order model. Iwai and 
Kubo (1979) discuss how to select which eigenvalues to eliminate 
to insure that the integral of the square of the error (ISE) between 
the step responses of the original and the reduced order models is 
minimized. 

Case la: A Block of Distinct Eigenvalues 

Substitution of Eq. 10 into Eq. 9 gives 

zz l ( s )  = w r z l u ( s )  (13) 

where C ( s )  = diag {(s + Aj)- ' } j  = 1 . . . nz/. 
The following approximation is now introduced, 

gjj(s) = (s + Aj) -1  = gjj(0)e-TjS (14) 

where gjj(0) is the steady state gain found by applying the final 
value theorem to gj j ( s )  and T~ is a parameter to be chosen by the 
system designer (see Figure 1). Substitution of Eq. 14 into Eq. 13 
yields: 

n21 

j = 1  
z z h )  C gjj(o)%b-TJsu(s)I (15) 

or, by substituting for gjj(0) in terms of A, and taking the inverse 
Laplace transform 

n 21 

j = 1  
z z [ ( t )  -A;' C f&p(t - ~ j )  (16) 

where in both equations the n2xr matrix 

L'J 
If all of the eigenvalues associated with z2 are distinct, then Eq. 16 
becomes 

n2 
(17) 

j =1  

and the reduced order model consists of Eqs. 4 plus 17. If the time 
delays in Eq. 17 are set equal to zero, then Eq. 17 reduces to Eq. 
6 and the result for Case I reduces to Marshall's lower order model. 
Selection of the time delays, ~ j ,  is discussed later. 

zz ( t )  0 -A;' C fL(t - T j )  

Case I b  Introduction of Multiple Time Delays 

The approximation defined by Eq. 14 involves the introduction 
of one time delay for each modal variable. A more accurate ap- 
proximation can be obtained by using multiple time delays. 
Thus 

(18) gjj(s) = (8 + A,)-' % gjj(O) 2 ajke-'jks 
k=l 

Proceeding as in the previous case yields 
n2 

Z z ( t )  FS -A;' j=1 C f 2  k = l  9 ajku(t - T j k )  ( 19) 

which is the same as Eq. 17 if p j  = 1 and the weighting factor ajk 
= 1. 

Case II: A Block of Repeated Eigenvalues 

Substitution of Eq. 11 into Eq. 9 gives 

where 
g,(s)  = (s + A)-{ 

The following approximation is now introduced 

I = 1 . . . n21 

g h )  =gi(O) e-Tjs  (21) 

~ ( s )  x C gj(0)fkre-TJSu(s) (22) 

Substitution of Eq. 21 into Eq. 20 yields 
n21 

j = 1  

which after taking the inverse Laplace transform results in 

z21(t) % F g j ( o ) f k P ( t  - T j )  (23) 
j = l  

where 

yk+ 1 and yk = kth row of rzl 
f L =  [ '  ] 0 = ( k  - 1) xr zero matrix 

7n21 

0 
If all of the eigenvalues associated with z2 are equal then z2 = 

z2[ and the reduced order model is defined by Eqs. 4 plus 23. 

Case 111: A Pair of Complex Conjugate Eigenvalues, (-a f @). 

Substitution of Eq. 12 into Eq. 9 gives 
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where 
g,(s) = is + LY)/\(s + a)2 + P21 

gds) = P/Ks  + + P21 
As in the previous cases an approximation is made such that 

(25) 

Substitution of Eq. 25 into Eq. 24 leads, after rearrangement and 
inverse Laplace transformation, to: 

gJs) = g J 0 )  e-res  
gob) = go@) e-ps 

If the eigenvalues associated with zz consist of one complex 
conjugate pair, then zz = 221 and the reduced order model consists 
of Eqs. 4 plus 26. 

If the eigenvalues associated with z z  are a mixture of distinct, 
repeated, and /or complex values, then z2 is given by Eq. 7 using 
Eqs. 26,23,19, and/or 17, as appropriate, to approximate zzl ,  1 = 
1 . .  . 77-1. 

SELECTION OF VALUES FOR THE TIME DELAY ELEMENTS 

It remains to specify the values of the time delay parameters in 
Eqs. 17,19,23, and/or 26 such that the response of the state vari- 
ables, XI, in the reduced order model (Eq. 4) approximate that of 
the corresponding state variables in the high order model (Eq. 
1). 

Consider the unit step response of a cbntinuous function defined 
by yl(s) = g(s)  and the response of the corresponding function 
defined by yz(s) = g(0) e- ls .  Assume that the step responses have 
the form shown in Figure 1 and the objective is to pick the time 
delay, r,  such that yZ(t) is a good approximation to yl(t). There are 
obviously several different criteria that could be used to select the 
“best” approximation. For example, r could be selected such that 
the two areas S1 and S z  in Figure 1 +ere equal, or the combined 
area S1 + S2 could be minimized. The former could be achieved 
by setting the integral of the error yl(t) - y z ( t )  equal to zero, and 
the latter by minimizing the integral of the absolute error (IAE). 
This approach to selecting values for the time delays will now be 
applied to each of the reduced order models developed in the 
previous section. 

Case la (z2  defined by Eq. 17) 

The approximation defined by 13q. 14 can be interpreted as 
shown in Figure 1. The integral-error (IE) approach and the IAE 
approach give the following values: 

(27) 
IAE (area Sl + Sz - minimum) r j  = In 2/Xj (28) 

Thus the time delay given by Eq. 2:‘ is equal to the corresponding 
time constant. 

If all of the eigenvalues associated with z2 are distinct then there 
will be n2 different time delays (rj, j = 1 . . . nz) associated with 
each control variable. For applications where a single time delay 
would be more appropriate, Eq. 1;‘ can be approximated by 

(29) 

One obvious approach to specifying 71) in Eq. 29 is to use the 

IE (area S1 = S2 in Figure 1 )  r ,  = 1/X, 

zz(t) = -&‘I?gu(t - T D )  

where T D  is to be specified by the designer. 

average of the nz values required by Eq. 17: 

The time delay, T D ,  can also be chosen by considering the input 
sensitivity of the system as follows. Let the input to the system be 
Au = (Aul, Auz . . . Au,) where Qu, = 6 = an arbitrary constant. 
The response of the ith element z!Zi of zz is then 

where t l  is a design parameter, a = 1 . . . n2 and yij is an element 
of F2. Equation 31 provides a measure of the sensitivity of zzf to 
a unit step input and leads to specifications such as: 

T D  = T L  (32) 

where L is equal to the index, i, corresponding to 

Maximum,,l,, , nz - lA?l 
and r is from Eqs. 27 and 28. 

Equation 32 implies that T D  is equal to the delay associated with 
the system mode that is most sensitive to a step input. Note that t l  
in Eq. 31 determines the time at which the relative sensitivities are 
calculated. If t l  - m this would imply that the final steady state 
was particularly important. 

Case Ib (z2 defined by Eq. 19) 

The reduced order model which allows for multiple time delays 
in each control variable can be interpreted by referring to Figure 
2. The unit step response of the continuous function defined by (s + Aj ) - l  is shown as yl(t). The “staircase” approximation defined 
by Eq. 18 is shown as yz(t). The objective is to pick the time delays 
(.rjk, k = 1 . . . p i )  such that y z ( t )  is the “best” approximation to 
Y l ( t ) .  

In order to pick Tjk and ark in Eq. 18 we utilize the following IAE 
criterion where the subscript, j ,  is dropped for simplicity and the 
error yl(t) - y2(t) = Ay 

(33) 
From the conditions: 

_ -  a’ - 0  k = l  . . . p  
a r k  

and-=O dJ k = 1 . .  . p  - 1 
atk 

we obtain the following relationships 
2e-Ark = e-Xtk-1  + e -ktk  

2tk = rk + 7 k + l  

Then by setting e-xtk = Xk we obtain 

(34) 

(35) 

Time, t 

Figure 2. Time delay parameters T I  . . . rP selected so that the “staircase” 
function y2( 1 )  approximates yj(  I). 
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TABLE 1. 
i 
1 
2 
3 
4 
5 
6 
7 
8 
9 

TIME DELAY VALUES FOR EQ 21 - 
N 

0.693 
1.678 
2.674 j :  multiplicity 
3.672 A: eigenvalue 
4.670 T j :  delay time 

6.669 
7.669 
8.668 

5.670 h = ATi 

where xo = 1 and x p  = 0. The recursive relationship of Eq. 36 can 
be re-expressed as 

X k  = qp-kXk-1  (37) 

It then follows from Eq. 37 that 

Hence, 

(39) 

and the weighting constants are defined as 

a k  = Xk-I  - X k  

Equations 39 and 40 provide values of T k  and Uk for the jth element 
as defined by Eq. 18. 

(40) 

Case II (z2 defined by Eq. 23) 

The approximation in Eq. 21 can be illustrated by Figure 1 in 
an analogous manner to that discussed in Case Ia. If the IAE cri- 
terion is minimized then the values of the time delays are those 
given in Table 1. If the multiplicity of the eigenvalues is 2 2 ,  
then 

E = xrj = (j - 1) + 0.67 (41) 
If the integral-error (IE) criterion is used (area S1 = Sz in Figure 
1) then 

(42) 
- a = Xri = j ,  j = 1,2.  . . n2 

Case 111 (z2 defined by Eq. 26) 

Because of the complex conjugate eigenvalues, the responses 
corresponding to g(s) in Eq. 24 are oscillatory rather than over- 
damped as shown in Figure 1. However, the same general approach 
can be used to determine suitable values for the time delay ele- 
ments. Value of r ,  and TO in Eq. 25 can be determined using 
Figure 3, which was calculated by minimizing the integral of the 
square of the error (ISE). 

APPLICATIONS OF REDUCED ORDER MODELS 

Open Loop Response of a Pilot Plant Evaporator 

The pilot plant evaporator at the University of Alberta has been 
the subject of previous applications of reduced order models and 
reduced order control laws (cf. Wilson, 1974, and Wilson et al., 
1972, 1973, 1974). Numerous models of the evaporator have been 
developed (e.g. Fisher and Seborg, 1976), but the most widely used 
is the fifth order state space model: 

i = A x  + Bu (43) 

U 

t, 
II 
U 

W 

y =p/lY 

Figure 3. lime delay values that minimize the infegral of the square of the error 
(ISE) for Case 111 (complex roots -a f pi). 

The coefficient matrices for Eq. 43 are given in Appendix 1, and 
the eigenvalues are 0, 0, -3.796E-2, -7.658E-2 and -7.729E-1. 
A third order model for the evaporator is convenient because then 
there are three output variables (equal to the three states) and three 
input variables. Application of the model reduction techniques 
discussed in this paper led to the following third order models: 

a) Marshall's method (MA) 

i i ( t )  = A R X i ( t )  + B ~ u ( t )  (44) 

b) Exact time delay model (ETDM) 

i l ( t )  = A R X I ( ~ )  + BROu(t) 
+ BRIu(t - 7 1 )  + BR2l((t  - 7%) (45) 

c) Single (approximate) time delay model (ATDM) 

i l ( t )  = A R X l ( t )  + B R O U ( ~ )  + B R A U ( t  - T A )  (46) 

d) Multiple (two-stage) time delay model (MTDM) 

2 

k= l  

+ B R 2  aZkU(t - T 2 k )  (47) 

i ( t )  = A R ~ I ( ~ )  + BROu(t) f B R I  c U l k u ( t  - rlk) 

2 

k= l  

The coefficient matrices are given in Appendix 1. The state vector 
in all of the third order models consists of liquid level #l, liquid 
level #2, and the product concentration (first effect enthalpy and 
concentration were eliminated). Note also that all of these models 
belong to Case I (distinct eigenvalues) and 

a) Matrix AR is the same in all models 
b) BRO + BRI + BRZ = BR 
C) BRO + BRA = BR 

or, in other words, that all of the models reduce to the one obtained 
by Marshall's method, when the time delays are set to zero. 

The simulated, open-loop responses of the reduced order models 
to a 10% change in evaporator feed rate, u1, are shown in Figure 
4. The values plotted are the difference between the response of 
the fifth order and the third order model. Thus, the zero-error line 
can be used as an indicator of the perfect response. The following 
conclusions follow from Figure 4 and are supported by other un- 
published data: 

1) Except for the larger overshoot with the single average time 
delay (ATDM), all of the models with time delays gave a more 
accurate response than Marshall's approach. 

2) Inclusion of two time delays (MTDM) resulted in less error 
than the models with one time delay calculated using an average, 
or the maximum input sensitivity approach (ATDM). 

3) The use of multiple time delays (MTDM), i.e., two in each 
control variable, resulted in the best approximation. 
All of these conclusions are what one would expect based on an 
intuitive analysis. 
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Figure 4. Simulated open-loop step response of different models of the 
evaporator, showing difference between original 5th order model and reduced 

3rd order models. 

Closed Loop Response 

As shown in the previous section, the inclusion of time delays in 
the control variables can improve the accuracy of the reduced order 
models. However, one of the disadvantages is that many of the 
design techniques for feedback controllers are not applicable to 
systems with time delays. The purpose of the following example 
was to show that the model reduction techniques presented in this 
paper can result in better closed loop responses than Marshall’s 
original method. 

The following high order model (HM) was selected so that the 
calculations would be easy to follow: 

The following two second order models were then calculated: 
(i) Marshall’s model (MA): 

(49) 

(ii) Exact time-delay model (ETDM): 

where t D  = 2. 

the method of Tsafestas and Paraskevopouros (1973). 
The following decoupling control law:, were then designed using 

(51) 

(52) 

HM: U H M  = F H M X  + CHMV 

MA: U M A  = F M A X ~  + GMAV 

ETDM: UTD = F T D X ~  + GTDV -L K T D U T D ( t  - 7) (53) 

where v = [ v ~ , v z ] ~  is the reference input vector (setpoints). The 
coefficient matrices for the control laws, Eqs. 51-53 are: 

The parameters XI, Xz, f l  and f z  are selected by the designer and 
the ideal input/output response of the decoupled system is: 

p, = -A& + favi i = 1,2 (54) 

Again for simplicity, it was assumed that X1 = X2 = f l  = f z  = A. 
When control laws designed on the basis of reduced order models 

are applied to the original high order system there is no guarantee 
of perfect decoupling, or even of stability. Therefore, these per- 
formance characteristics must be checked separately. 

The stability of the closed loop system composed of the high 
order model, Eq. 48, and the control law without time delays, Eq. 
49, can be determined using Hurwitz stability analysis. The system 
is stable for h > 0 and b > -0.25. 

The Hurwitz criterion cannot be used to determine the stability 
of systems with time delays in the control variables. Other stability 
analysis techniques, such as the characteristic loci method described 
by MacFarlane (1972) and Lee (1976), were applied to this example 
but are not described here. 

Figure 5 shows the output response of the closed loop systems 
using the U M A  and U T D  control laws (Eqs. 52 and 53). The reference 
input was a step 0 = [0,1IT with X = 0.11 and b = 0.2. Perfect de- 
coupling is not achieved with either of the reduced order control- 
lers. However the inclusion of time delays improves the perfor- 
mance of the reduced order controller considerably. 

I I I I I I 

I t0.2 

Marshall - Ideal Response -- With Time Deiay 

-o‘2 t 
~ 

0 12 18 24 Time, t 

Flgure 5a. Simulated closed-loop response of a decoupied system to a unit 
step change in the setpoint of y2. 

I I I I 1 
Marshall 
Ideal Response 
With Time Delay 

-_- - 
-- 

6 12 18 24 Time, t 0 

Figure 5b. Simulated closed-loop response of a decoupled system to a unit 
step change in the setpoint of y2. 
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In an actual application it would be possible to “field tune” the 
values of 7 in Eq. 53. Careful consideration should also be given 
to the relative difficulty of implementing the different controllers 
on an application. For instance, Eqs. 51 and 53 are probably equally 
difficult to implement and hence there is little practical advantage 
for this simple example. 

NOTATION 

A,B,C = coefficient matrices of state space model 
G = transfer function matrix 
M = modal matrix of A 
V = matrix = V = M-1 
g = an element of the transfer function matrix G 
n = order of high order model, n = nl + n2 
nl = order of low (reduced) order model 
nz = number of state variables omitted from reduced order 

s = Laplace transform variable 
U 

X 

2 

model 

= vector of r input variables 
= vector of n state variables x = [x1,x2]T 
= from similarity transformation z = M - ’ x  (Eq. 2) 

Greek Letters 

a,/3 
X r 
x = eigenvalue of A 

A 

= define complex number a + pi 
= e-xt 

= coefficient matrix of inputs, u (Eq. 5) 

= time delay, e-Ts, or time constant 

(Eq. 36) 

7 

= matrix of eigenvalues of A (Eqs. 10-12) 

APPENDIX 1 

A =  

B =  

- 
0 0  0 -1.085E-3 -1.254E-1 
0 0 1.258E-4 -1.219E-3 -1.447E-1 
0 0 -3.796E-2 3.930E-2 1.447E-1 
0 0  0 -7.550E-2 I .254E3-1 
0 0  0 -6.036E-3 -7.740E-1 

-7.658E-2 0 
7.945E-2 

-4.135E-2 0 
0 0 

1 .159E-  1 0 0 

Third-Order Reduced Model 

AR = [ 0 1.258E-41 

0 0 -3.796E-2 

1 -3.503E-2 -7.658E-2 0 
-4.04OE-2 7.945E-2 -3.808E-2 

5.786E-2 -4.135E-2 0 

1 
I 1 

0 -7.658E-2 0 
0 7.945E-2 -3.808E-2 
0 -4.135E-2 0 

1.600E-7 0 0 

1.936E-2 0 0 
B R ~ =  1.700E-5 0 0 

-3.503E-2 0 0 I 3.850E-2 0 0 1 BRZ= -4.040E-2 0 0 

5.786E-2 0 0 

EDTM 

7 1  = (7.658E-2)-’ x 13 (min) (IE) 

72 = (7.729E-l)-l % 1.3 (min) (IE) 

MDTM 

7 1 1  = 5.294 (rnin), 712 = 2.339E1 (min) (IE) 

7-21 = 5.246E-1 (rnin), 7-22 = 2.318 (min) (IE) 

a l l  = a21 = 21~, a12 = a22 = ‘IS 
ATDM 

1 
2 T A  = - ( T D ~  + T D ~ )  7.2 (rnin) (Averaging Time-Delay) 

T A  = 72 1.3 (min) (Maximum Input Sensitivity) 

(F x 0,032, - Az2(m) - - 0.276) 
6 
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Taylor-Aris Dispersion Arising from Flow in 
a Sinusoidal Tube 

An analysis of dispersion arising from creeping flow through a periodically 
constricted tube is developed with the goal of evaluating the effect of converging 
and diverging pore structure on dispersion in porous media. The theory is based 
on rigorous long-time solutions of the convective-diffusion equation. The calcu- 
lations are done numerically over a range of Peclet numbers and tube geometries; 
for the geometrical parameters which correlate permeability data in packed beds, 
the results of the present work agree well with liteature data for dispersion in such 
beds. 

SCOPE 

D. A. HOAGLAND and 
R. K. PRUD’HOMME 

Department of Chemical Engineering 
Princeton University 
Princeton, NJ 08544 

Fluid motion in periodically constricted tubes has been 
studied by several authors interested in modeling flow through 
porous media. Using a model which replaces a porous medium 
with an equivalent array of periodically constricted tubes, these 
authors have been able to use flow-rate/pressure-drop rela- 
tionships in the simpler geometry to successfully predict per- 
meabilities of complex porous media. The dispersion of solute 
during flow through porous materials can be studied using the 
same geometrical models. The motivation for such modeling 
of dispersion lies in the crucial role of this phenomenon in oil 
recovery problems, reactor design, and chromatography. The 
present work will examine dispersion during creeping flow in 
a periodically constricted tube; it is proposed that the solution 
to this problem offers considerable insight into the dispersion 
processes observed during flow in more complex porous 
media. 

The present work employs the concept of local and global 
coordinates which was developed by Brenner (1980) to describe 
transport in periodic structures and is an extension of earlier 
work of Taylor (1953) and Aris (1956). Using Brenner’s analysis, 
this paper will describe the calculation of dispersion coefficients 
in sinusoidal tubes for wide ranges of Peclet number and tube 
geometry. Additionally, analytical solutions have been found 
to the limiting case of very long wavelength. The numerically 
determined dispersion coefficients can be compared to litera- 
ture data for dispersion in packed beds if suitable geometrical 
parameters are selected. This comparison will test the hypoth- 
esis that dispersion in packed beds can be predicted with the 
same pore structure models used for correlating permeability 
data. It should be noted that transfer of solute between different 
flow channels has not been incorporated into the present 
model. 

CONCLUSIONS AND SIGNIFICANCE 

Dispersion coefficients for creeping flow in sinusoidal tubes 
have been calculated both analytically and numerically over 

wide ranges of tube geometry and Peclet number. The results 
have been obtained rigorously from long-time solutions of the 
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